The differential decay spectrum dΓ/dE e dq 2 for the semileptonic decay of an unpolarized hadron containing a b-quark, and the decay spectrum dΓ/dE e dq 2 dcos θ for polarized 
Introduction
The inclusive lepton spectrum from semileptonic B decays has undergone intensive experimental and theoretical study. An understanding of it provides information on the weak mixing angles V cb and V ub . Recently there has been considerable progress in understanding the theory of these decays. Chay, Georgi and Grinstein [1] showed that inclusive semileptonic B → Xeν e decay can be treated in a fashion similar to deep inelastic scattering. Using a two step process that consisted of first using an operator product expansion and then a transition to the heavy quark effective theory, they showed that dΓ/dq 2 dE e [7] and the determination of Λ from a detailed study of this decay together with the measured Λ b mass gives the b-quark mass to be used in eq. (1.1).
Bigi, Shifman, Uraltsev and Vainshtein [8] have performed an analysis of the Λ polarized [9] . The differential decay distribution for a polarized Λ b has the form dΓ dq 2 dE e dcos θ = A(E e , q 2 ) + B(E e , q 2 ) cos θ, (1.4) where θ is the angle between the electron direction and the Λ b spin in the rest frame of the corrections. Section 7 gives differential decay rates for unpolarized hadrons H c containing a c-quark and polarized Λ c semileptonic decay. Section 8 discusses the prediction for dΓ(B → X u eν e )/dq 2 dE e near the boundary of the Dalitz plot. This region is important for the determination of V ub . Particular attention is paid to the size of the region of E e that must be averaged over before experimental results can be compared with theory. Numerical estimates and plots of the lepton spectrum are given in section 9, and concluding remarks are given in Section 10.
Kinematics
The semileptonic decay of a b-quark is due to the weak hamiltonian density
where P L is the left handed projection operator 1 2 (1 − γ 5 ). J µ j and J µ ℓ are the hadronic and leptonic currents, respectively. The final quark q j can be either a u-or a c-quark. The inclusive differential decay rate for a hadron H b containing a b-quark to decay semileptonically, H b → X u,c eν e is determined by the hadronic tensor 
where v is the velocity of the initial hadron, defined by The form factors are functions of the invariants q 2 and q · v, and will also depend on the initial hadron H b and the final quark mass m j . The difference between the heavy quark mass m b and the hadron mass M H b will be important in our analysis, so we have chosen to write the form factors in terms of q rather than the rescaledq = q/m b used in Ref. [1] .
1
The spin averaged differential semileptonic decay rate is
where E e and E ν are the electron and neutrino energies in the H b rest frame, q 2 is the invariant mass of the lepton pair, and the kinematic variables are to be integrated over the region q 2 ≤ 4E e E ν . The terms proportional to q µ or q ν in eq. (2.3) do not contribute to the decay rate if one neglects the electron mass.
The polarized Λ b has in addition to the five form-factors in eq. (2.3), nine spindependent form factors which are
The identity
has been used to eliminate terms in W µν S of the form i(q µ ǫ ναβλ v α q β s λ − (µ → ν)) and 
where θ is the angle between the electron three momentum and the Λ b spin vector in the Λ b 's rest frame. The ellipsis in eq. (2.7) denotes the part independent of cos θ and is one half the expression in eq. (2.5) so that integration over cos θ reproduces the unpolarized decay rate.
The form factors in W µν and W µν S are given by the discontinuities across a cut of the amplitudes T µν and T µν S ,
It is easy to see that Im T µν = −πW µν by inserting a complete set of states between the currents. T µν S for the polarized Λ b is defined similarly and has nine additional spindependent form-factors,
(2.9)
The analytic structure of T µν (or T X contains two b-quarks), and for v · q ≤ − q 2 corresponding to the physical process 
The Operator Product Expansion
The amplitude T µν can be computed reliably in perturbative QCD in a region that is far from the cuts and therefore free of infrared singularities. The time ordered product
can be computed using an operator product expansion in terms of operators involving b-quark fields in the heavy quark effective field theory. The coefficients of the operators in the operator product expansion are determined by evaluating the matrix element of the time-ordered product between quark and gluon states. Once the operator product expansion has been computed, one can compute T µν by taking the matrix element of the operator product expansion between hadron states. We will compute the matrix element between unpolarized hadron states to determine the form-factors T i , and we will take the matrix element between polarized Λ b states to determine the spin-dependent form-factors 2) can be simplified using the identity
The 1/m b expansion is given by expanding eq. 
The k 0 Terms
The order k 0 term in the expansion of eq. (3.2) is
where 
velocity v is zero. The matrix element states is not equal to the spin four vector. The first correction to the matrix element is of second order in symmetry breaking [11] , so we write
where ǫ b is a parameter which is of order Λ 2 QCD /m 2 b , and is defined by eq. (3.7). Substituting this into eq. (3.5) gives the spin-dependent form-factors from the k 0 terms
The Order k 1 Terms: Spin Averaged Case
The linear terms in k in eq. (3.2), 
The QCD lagrangian for the b-quark in the heavy quark effective theory is
where Z b is a renormalization factor, with
is not renormalized because of reparameterization invariance [13] .
Eq. (3.10) gives the expansion of the operator in the effective theory
where we have used the relation
In eq. (3.12) the brackets around indices denote that they are symmetrized.
The spin averaged matrix element of the first term of eq. (3.12) must have the form
where A is a constant to be determined. Contracting both sides of eq. (3.13) with v τ gives
The The parameter A is non-zero at first order in 1/m b , For example, the parameters for b and c quarks are related by . This distinction will be useful in sec. 6. With this convention, 18) and the matrix element of the first term of eq. (3.13) can now be written as
The matrix element of the second term in eq. (3.12) must have the form
This term has two covariant derivatives, so we only need its matrix element to lowest order
Taking the trace and comparing with eq. (3.16) gives
The operator b v gG ατ σ αλ b v in eq. (3.12) is renormalized at a scale µ = m b , since that is the scale at which the operator product expansion has been performed. We can 
Contracting both sides with v τ , and using 
The spin-dependent form-factors arising from the order k terms in the operator product expansion of eq. The method used to evaluate the matrix element is similar to that used for the operator b γ λ iD τ b in the previous subsection. The operator can be written in terms of the field b v of the effective theory,
The matrix element of the first term of eq. (3.25) between polarized Λ b states has to have the form that can be constructed using the light degrees of freedom is v µ , and it is not possible to construct a tensor that is antisymmetric in two indices from a single vector.
The 1/m b terms in eq. (3.25) can be simplified using γ-matrix algebra and neglecting
which is equal to states is
using heavy quark spin-symmetry, and the matrix element eq. (3.21). Eqs. (3.26), (3.27), and (3.29) imply that one can make the substitution
in eq. (3.9) to obtain the spin-dependent form factors
(3.31)
The Order k 2 Terms
The order k 2 terms in eq. (3.2) are 
The spin-dependent contribution to T µν for polarized Λ b states is given in terms of the the matrix element
using eq. (3.21) and heavy quark spin-symmetry. This gives the order k 2 contribution to the spin-dependent form-factors
3 = 0.
(3.36)
The one gluon matrix element
Finally, one needs to compute the one gluon matrix element of eq. (3.1) given in fig. 3 to determine the coefficient of the G αβ operators. The one gluon matrix element can be 
This is a dimension five operator, so we need its matrix element to lowest order in 1/m b .
The fields b can be replaced by the heavy quark fields b v . The matrix elements needed to evaluate the one-gluon contribution to T µν for a spin-averaged hadron H b are
and 
The constant N can be evaluated by contracting both sides of eq. (3.40) with ǫ αβλρ v ρ to
Using the spinor identity
and eq. (3.16) gives
Substituting eq. (3.42) into (3.37) gives the contribution of the one gluon operator to T µν ,
The gluon terms do not contribute to polarized Λ b decay since G αβ has vanishing matrix element at zero recoil between Λ b states.
Summary
The final expressions for T µν and T 
where
The expressions in eq. (3.44) can be simplified using the identity
There is an additional simplification in Λ b decay, where G b = 0.
Time Ordered Products and the Equations of Motion
In the above computation, we 
where the 1/m b terms in the Lagrangian are denoted by L 1 /2m b , using the notation of ref. [14] . The matrix element eq. (4.1) is equal to Av τ , where A is the constant of proportionality. Contracting both sides with v τ gives 
where S(x, y) is the b-quark propagator, which satisfies the Green function equation (iv · D)S(x, y) = δ(x, y). This converts the T-product into the local operator b v Xb v , so that A is given by
the same answer as that obtained by using the equations of motion to order 1/m b .
Decay Distributions for Hadrons Containing a b-Quark
The amplitude W µν can be determined by performing a contour integral of T µν from eq. (3.44) around the contour C of fig. 1 . This contour integral is trivial to do, and is equivalent to taking the imaginary part in T µν directly by making the replacements
in eq. (3.44). This is very different from the analogous calculation in deep inelastic scattering. In our problem, there are non-trivial function of q and v, multiplying a few operators, so that the amplitude has the form f i (q 2 , q·v) O i . The QCD corrections multiply each operator by an anomalous dimension, 
3) with respect toq 2 gives the inclusive lepton spectrum, 
where now The coefficients of the cos θ terms are
(5.14)
The ρ → 0 limits of the polarized Λ b distributions are
The formulae obtained here will be discussed in detail in the following sections. and then averaging over k. Since q is unaffected by the averaging, terms proportional to q µ or q ν will remain proportional to q µ and q ν . Thus averaging T 4 or T 5 will not produce T 1−3 . Similarly, averaging T 1 or T 3 will produces terms only proportional to T 1 or T 3 , but averaging T 2 produces terms proportional to both T 2 and T 1 .
As a simple example, we will consider the average of the piece of T µν containing T 3
explicitly. The average we need is
The averages over k can be written in terms of Our averaging procedure provides a useful check on the total decay rate. The total decay rate (neglecting 1/m b corrections) can be written as Γ 0 = m
). The total decay rate for a quark distribution is given by averaging 
The result eq. (5.7) agrees with this check.
One can also use the averaging procedure to determine the leptonic spectrum. Recall that we needed to compute the average of m
′ and q, and has mass dimension zero. This can be written as
using eq. (6.2). The decay rate depends on L µν T µν ≡ F which has mass dimension two, and is a function only of k e , k ν , mv, m j and q. One can rewrite F in terms of the dimensionless variables y,q ρ, and an overall factor of m 2 b . The variables y,q and ρ were defined in eq. (5.4) , and x is defined by
The averaging formula eq. 
Using the partial derivatives 8) and eq. (6.5) our averaging procedure implies that
The differential decay rate is given by integrating F over the phase space, which is proportional to dy dx dq 2 . Integrating eq. (6.9) with respect to x gives the formula
where dΓ 0 /dy dq 2 is the parton model decay rate obtained by setting
Integrating eq. (6.10) with respect toq 2 gives
Integrating eq. (6.11) with respect to y gives One can also apply the averaging method to obtain the spin-dependent form-factors.
One considers the b-quark in the hadron to have a distribution of spin and momentum, with
where S µ is the quark spin, and s µ is the hadron spin.
Decay Distributions for Hadrons Containing a c-Quark
The decay distributions for semileptonic c-quark decay can be readily obtained from the calculations in the previous section for b-quark decay. The charged lepton distribution in c-decay is equal to the neutrino distribution in b-decay, and vice-versa. This is equivalent to changing the signs of W 3 , G 3 , G 8 and G 9 . The lepton energy spectra are less singular than for b-decay, because the free quark decay rate vanishes at the endpoint. The double differential c-decay distribution for an unpolarized hadron H c containing a c-quark is
Integrating this with respect toq 2 and then y gives
and
The ρ → 0 limits of eqs. (7.1)-(7.4) are
The cos θ terms in the decay distributions for a polarized Λ c are
(1 − y)
The ρ → 0 limits of these distributions are
8. Inclusive H b → X u eν e near the boundary of phase space
For an exclusive decay H b → Xeν e the kinematically allowed region of phase space is
The maximum value of the electron energy E (max) e occurs when the right hand side of eq. (8.1) is zero,
The results of sec. 5 show that in QCD, the inclusive decay kinematics are governed by the quark mass m b , rather than the hadron mass M H b . The kinematically allowed region in the Dalitz plot is 
The physical origin of this discrepancy has been discussed by Isgur, Scora, Grinstein and
Wise [16] and by Isgur [17] . There are theoretical limitations on the extent to which our prediction for the differential H b → X u eν e decay rate dΓ/dq 2 dE e can be compared with experiment. In the region of phase space very near
, which corresponds to low mass final hadronic states recoiling at low momentum, our expression for the differential decay rate is not valid (the operator product expansion cannot be justified for low mass states). Also, the appearance in eq. (5.8) of a delta function and its first derivative indicates that along the boundaries q 2 = 2m b E e and E e = m b /2 the differential decay rate must be smeared over a region of electron energies. The amount of smearing necessary is determined by demanding that corrections proportional to K b , E b and G b give a contribution to the smeared differential rate that is small compared with the leading "free quark decay" contribution.
For definiteness consider the boundary q 2 = 2m b E e . In the free b → ueν e decay it corresponds to a configuration (in the b rest frame) where the electron and u quark are moving in the same direction and the antineutrino goes in the opposite direction. Since the weak current is left handed the free quark decay amplitude vanishes here by angular
S(q 2 ) corresponds to smearing the differential cross section at y =q 2 + ǫ over a region of y of order ǫ. (The averaging is at y =q 2 + ǫ instead of y =q 2 so that the term containing a derivative of a delta function is not made artificially small.) Demanding that the leading free quark decay contribution to S(q 2 ) be large compared to that of the corrections proportional to K b , E b and G b gives the condition
This corresponds to smearing over a range of electron energies ∆E e > Λ QCD . In deriving eq. (8.7) the matrix elements K b , E b and G b were estimated to be of order (Λ QCD /m b ) 2 .
A similar result holds for the region near the boundary of phase space at E e = m b /2. The differential cross section in eq. (5.8) must be smeared over a region of electron energies ∆E e > Λ QCD to be physically meaningful. Away from the boundaries E e = m b /2 and q 2 = 2m b E e of phase space some smearing may also be required. As one varies E e (at fixed q 2 ) new thresholds are encountered corresponding to different M X in eq. (8.1). However, here the situation is likely to be similar to R(s) = σ(e + e − → hadrons)/σ(e
where at large s the density of hadronic states is so large that the size of the region s that must be averaged over becomes negligibly small.
In semileptonic B decay the endpoint region of electron energies, where B → X c eν e decays are forbidden, is of great interest because of its potential use to determine |V ub |.
However, in this endpoint region 2.2 GeV < E e < 2.6 GeV our predictions are not very useful. Very near q 2 = M 2 B our results don't apply and away from this value of q 2 the averaging of electron energies over a region ∆E e > Λ QCD makes it impossible to isolate the endpoint part of the electron spectrum. This is discussed more quantitatively in the next section. fig. 7 , where the free quark b → c decay and b → u decay electron spectra are compared to the B → X c eν e decay spectrum including 1/m 2 b corrections. The peak near the endpoint for B → X c eν e decay gives an indication of the minimum size of the smearing region that must be used before the QCD calculation is valid. The peak must be smeared over a large enough region that it produces a small correction to the decay spectrum. This indicates that smearing region should be at least ∆y = 0.2, which corresponds to a lepton energy of around 500 MeV.
The dominant uncertainty in the extraction of V ub is the shape of the endpoint of the B → X u eν e lepton spectrum. It is difficult to estimate the size of the smearing necessary in QCD from the unsmeared spectrum eq. (5.10) since it contains δ-function singularities at the endpoint. Figure 8 shows the smeared lepton decay distribution using . For example, one can compute the differences in the total semileptonic decay widths for H b → X u eν e decay, The uncertainties in eqs. (9.6) and (9.7) are due to the ±50 MeV uncertainty in the Λ b mass.
The differences of the decay widths for the decay modes H b → X c eν e and H c → X s e + ν e can be computed similarly using eqs. (5.11) and (7.4).
Conclusions
One of the important points of the analysis in this paper is that the decay distribution 
